In this paper, we will investigate function spaces, including a Sobolev space, a Besov space and a Triebel-Lizorkin space, on the Laguerre hypergroup. MSC: 42B20; 42B25; 42C05
Introduction and preliminaries
In [] and [] , the authors investigated a Sobolev space on the dual of the Laguerre hypergroup and a generalized Besov space on the Laguerre hypergroup. In this paper, we define a Sobolev space on the Laguerre hypergroup by the Bessel potential. Then, we define a Besov space by the real interpolation of a Sobolev space and prove that our definition is a generalization of that given in [] . For the completeness, we also study a Triebel-Lizorkin space on the Laguerre hypergroup.
We first give some notations about the Laguerre hypergroup. Let K = [, ∞) × R equipped with the measure
We denote by L p α (K) the spaces of measurable functions on K such that f α,p < +∞, where
For (x, t) ∈ K, the generalized translation operators T The following lemma follows from ().
(K, * , i) is a hypergroup in the sense of Jewett (cf. [, ]), where i denotes the involution defined by i(x, t) = (x, -t). If α = n - is a nonnegative integer, then the Laguerre hypergroup K can be identified with the hypergroup of radial functions on the Heisenberg group H n .
The dilations on K are defined by
It is clear that the dilations are consistent with the structure of the hypergroup. Let
Then we have
We also introduce a homogeneous norm defined by
[]). Then we can define the ball centered at (, ) of radius r, i.e., the set B r = {(x, t) ∈ K :
Specifically,
We consider the partial differential operator
L is positive and symmetric in L  α (K), and is homogeneous of degree  with respect to the dilations defined above. When α = n -, L is the radial part of the sublaplacian on the Heisenberg group H n . We call L the generalized sublaplacian.
m be the Laguerre polynomial of degree m and order α defined in terms of the generating function by
For (λ, m) ∈ R × N, we put
The following proposition summarizes some basic properties of functions ϕ (λ,m) .
It is easy to know that
Let dγ α be the positive measure defined on R × N by
We have the following Plancherel formula:
Then the generalized Fourier transform can be extended to the tempered distributions. We also have the inverse formula of the generalized Fourier transform
In the following, we give some basic properties about the heat kernel whose proofs can be found in []. Let {H s } = {e -sL } be the heat semigroup generated by L. There is a unique
We call h s the heat kernel associated to L. We have
where A is a constant. Let S(K) be the Schwartz space of functions ψ : R  → C even with respect to the first variable, C ∞ on R  and rapidly decreasing together with all their derivatives, i.e., for all
Assume is a function defined on R × N. Then let -(λ, ) = (λ, ) and for m ≥ ,
We write
then we define the following differential operators:
is bounded and continuous on R, C ∞ on R and such that the left and the right derivatives at zero exist; (ii) for all k, p, q ∈ N, we have
D(R × N) is the subspace of S(R × N) of functions satisfying the following:
with compact support and vanishes out of a neighborhood of zero. In the following, we introduce some basic notation about the real and complex interpolation, more about these can be found in [] .
The real interpolation includes K -method and J-method. We first give the K -method as follows: let X and Y be two Banach spaces, then for any u ∈ X + Y , denote
The J-method of real interpolation is defined as follows: for any u ∈ X ∩ Y , let
Then, u is in J θ,q (X, Y ) if and only if it can be written as
where v(t) is measurable with value in X ∩ Y and such that
The norm of u is u θ,q;J := inf v (v).
The complex interpolation consists in looking at the space of analytic functions f with values in X + Y defined on the open strip  < Z <  and continuous on the closed strip  ≤ Z ≤ , and such that f (iy) is bounded in X, f ( + iy) is bounded in Y . We define the norm
The paper is organized as follows. In Section , we will investigate Sobolev spaces on K. A Besov space and a Triebel-Lizorkin space will be studied in Section  and Section  respectively.
Throughout the paper, we will use C to denote the positive constant, which is not necessarily the same at each occurrence.
Sobolev spaces on K
In this section, we will study a Bessel potential space on the Laguerre hypergroup K.
Let s ∈ R. Then the Bessel potential on K is defined by
It is easy to prove that the Bessel potentials satisfy the following semigroup property:
The Bessel potentials also satisfy the following property.
This gives the proof of Proposition . Now, we define the Bessel potential space on K.
where m ∈ N with m + s > , and 
Therefore, 
Proposition  Let s, t ∈ R and 
Proof We will give the proof of the case s > , the other cases can be proved similarly.
(
By the part () that we have proved, we have
We complete the proof of Proposition . http://www.journalofinequalitiesandapplications.com/content/2012/1/190
Besov space on K
In this section, we will define a Besov space on K by the real interpolation of the Bessel potential spaces.
where  ≤ p ≤ ∞. The linear space of all such ρ is denoted by M p , the norm on M p is · M p .
We have the following property about the Fourier multiplier on L p α (K).
Proof It is easy to prove
Therefore,
. This proves Proposition .
and ϕ(λ, m) =  for m ≥ m  , we have
We define functions ϕ k and ψ on K by ( 
Proof For k ∈ N, we have
Therefore, it is sufficient to prove that
and Proposition , we know that the above function has the same norm in M p as the function
Then Lemma  gives
), then by the Hölder inequality,
, by the Plancherel theorem, N) , we get I  < ∞. Now, we estimate I  ,
In the following, we prove that our definition coincides with Definition .
This shows
Similarly, we can prove
By Lemma  again, we have
By Lemma .. in [], we know that J(t, f ) is increasing with respect to t. Therefore,
it is sufficient to prove
By Lemma , we have
This gives the proof of Theorem .
We have the following version of the Calderón reproducing formula on K, the proof is standard (cf. []).
Lemma  Let ϕ ∈ S(K) and satisfy
when →  and A → +∞. 
Conversely, let f ∈ B s p,q (K), then by Lemma , Definition  Let  < p, q < ∞ and s ∈ R. Then the Triebel-Lizorkin space on K is defined by
In order to give an equivalent norm for F 
Proof Since ϕ ∈ S(R × N), it is easy to prove
Then, Lemma  follows from Lemma .
By Lemma , we can prove Theorem  If s ∈ R and  < p < ∞, we have 
Then Theorem  follows from () and ().
The following lemma has been proved in [] .
Lemma  Let  ≤ P  , P  < ∞,  < θ <  and 
